Urquhart-style semantics

for u-weakly-associative semilinear logics
u-2fg8gr =M =elof it o/ EH o|n|=

Eunsuk Yang(&24A M2Cist Mot}
Yeonhong Kim(Z¢HE, MSCHetw Hotu MALaH)
2024, 8. 13. 22 =282 S M7 |st=CH2



TOC

1. Warming-up & Introduction
2. Preliminaries

3. Urquhart-style semantics
3.. Definitions
3.2. Soundness

3.3. Completeness

4, Involutive extensions

5. Concluding remarks



1. Warming-up & Introduction



U.-style semantics for u-weakly-associative semilinear logics

1) relational semantics 2) substructural logics 3) fuzzy logic



Classical concept of conjunction

& Z2ZE 1, AR TE2|2E 00[2f2 oAt

v(AAB)=1 ifandonlyif v(A)=1andv(B)=1,
if and only if min{v(A), v(B)} = 1.
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Basic algebraic properties of meet/join

(AANB)AC=ANA(BAC) (assoc.)
AANB=BAA (comm.)
AnNA=A (idem.)

AND SO ON



“I heard a shot and | saw the girl fall."*

"N ELEIE SUL HXI0L0|17F oKX= AE E/USLICE"

* Hodges, W. (1983), ‘Elementary predicate logic’, in Handbook of philosophical logic, Vol. 1, Springer Netherlands, 1-129.



"] saw the girl fall and | heard a shot.”

"= ofXIotO[7 HOlX|= AE B2 ELE S SUASLICL”



and-=0| oS0 E f, X|A[oh= &rehe| TX| HENE HA ST,
(A and B) < (B and A).

= H|-OH™H and(&) 2 =&, 227X =2|substructural logic2| =4

(A& (B&C)&- &D) => P

Intensional conjunction, multiplicative conjunction/tensor, fusion, -




Basic structural rules

ca:(A&(B&C(C)) « (A&B)&()
ce:A&B —> B&A
*i:A—> (B - A)

- 0:0-A

ccA-A&A

*p:AKA - A
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t-weakly associative logics(2016-)

+ (A, &B) &C,) « (A, & (B, &C,)) (WAS,)
+ (A& B)&C), « (A& (B&C)), (AS,)
- (A &B) &C) © (A, & (B &C)) (sAS,)
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Fuzzy intersection
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Core properties of fuzzy logics

- v(A) € [0, 1].
 sup(x - v(B)) = x - sup v(B). (cont.))
- F(A—> B)Vv(B - A). (PLprelinearity)
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Semantics of a formal system

° I:HJk °| o |§algebraic semantics
= 2%0| ooji= Ci47xo| e,

“AZ} S sESs v Sl A EHOICH iff (v(A) = T).

)

Eofl siigsh= Qojof, cieX Hits Sl 22Y = AT

« ZtAH| 2| 0|2 relational semantics
= Z&O| o|0|= &tA[of| 2fsH H|2El HE AEje] 2HRA

A7t & sOll A FOITH iff (s |k A).

HEl so| HEHE AVF it

14



Algebraic semantics of substructural logics: residuated lattice

« Zt0{ M residuation property:

(a-b)<ciffbs(a— c)

etE29| 2|0|= FHof| Choto] He|EICt. (A ZF OfL|2H)
« Xt residuum —:
o|0|RE MOlIA &ATAIS FNBtots S43t B4
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Variants of relational semantics

- Kripke-style semantics:
AEFol =29 oli|E, Y& el Ato|e] B2 7ts4T (-, )
K
alf(A-B)iff(b|FA= b | B),forallbst. aRb.
 Routley-Meyer-style semantics:
At =2[9f 20|, M27tsM HAE MeetA Rabc 2 =&

+ Urquhart-style semantics:
B Agh Ao Q] ASRAIE oAt Ao = 2E|(- | )
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2. Preliminaries




Syntax of uwa-semilinear logics

« UWAL2 MICAL 2| =% HIACt. MICALS,
- SYE(9),
o AXAERS HE(A/vel = /N FEF),
« X FXl(EF, &-C, PP),
« BHo| 4E (&-Adj, &n),
- =2 AT 29| 4 (Res, T') 2t £2 7#&l(mp, adj,, a, B),
- J2|1 pLE 322 Z=C.

HE|O| JEISHK| 847 =
1
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Syntax of uwa-semilinear logics

UWAL2 Al 71| ofZetedat =7HHel 32|15
- WABUL: WAS,, U-RUN, RDIV"
- A,BUL: AS, A, U-RUN, RDIV"

- SA,BUL: SAS, A, U-RUN, RDIVY

SA,BULS A BULE, A BULS WA BULE &eict

mjo
PN

=Ck

Ay, U-RUN, RDIVj 7} 22748l O =, 7|EH0| t7F OtL| 7| W2
of7|0l 2HHS S2IE F715tH, 712 fUE =

2|(BUL)

18



Axioms U-RUN, RDIV; and A,

LE= 2822 TElX7t v el TE| X 2ot 28 off FojLt= oy

« U-RUN: U= ZSHCZ J|5
a, — (a, &U)
* RDIV]: 2% BECt a2l ZI2|X[7} ACHH,
a0l a - BE TN TI2|XIE It = =5 %=

(U= a)v(a—B)v(B—(a&(a—p))

. 2T BHOIN HE0Z 22| Jhs

N
$0

(ay &B) - a,

= &, OCI7EX|LE UEks 71EE LSl 283D
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Algebraic semantics of UWALs

th4 ojnj 20| 7| Ak

= =2|HAe FHRAE U x| B0 LHSAZICE

P T L tf A v >()

o & U
VAP) T L i j A Vv

=>(s) = - u
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Algebraic structures for UWALs

Def.3 & Def.4: MICAL-algebra and UWAL-algebra
(if) MICAL-CH= (PL°) & 2H=3t= bpcrlu-groupoid .
(iii) UWAL-CHr= &83t= tiX Z=21E THESH= MICAL-CH=~CE
» =2 HAM HA 2 =Ent
= [4=H o|0|2oM= 0

- UWAL-CH= (PL3) CHAL MEME =712
= EZ4Y =252 38 S (MY &ithivtsd, LEP)

21



Value assignment for UWALSs

Def 5: Value assignment
- XE|getets(siA) = 2E0|M UWAL-CH22| ESHAAO|C}.

=200

Def 6: Semantic consequence
UWAL- CH== SHO|A],

A= EtZSIChalid/tautology.
Zlghe #oz gte = sfMo| 1 25H(FEh o Z3olct.

o
« Ao 20| q= HOZ EH o= A2 |0|2H 1| ZO0|CL.

22
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3. Urquhart-style semantics




OjHEH o|n|2e| 712

- CH=>X o|O| 20| 2tBICH= AMAl2 0O0] Hro{RiCt
= OFEH Q|2 Mol mf, i+ o0|2o| MES BESIEE MA St
% CHRE 7|2 =7t UWAL-CH=7} £| =2 Ho|sirt
. SPHME ORRIEX] M2EE F[otCt
= O{FEY QU|ES Cf+H Q0|2OE SHlY +~ S S Holrt

24



UWAL frame

Def.8 & Def. 9: MICAL frame and UWAL frame
(v) MICAL 3|2 Ch2 =S BHESH= (UF, <, L, T,i,j,-)Ck:
« (UF,L,T,<)= bounded linear order,

+ j € UF,

* (UF,-,i)&= commutative unital groupoid,
cl-T=1,

- sup,_, a; 7k ACHH, a - sup,_ a; = sup,_(a-a;),

| i
- a= b :=supfcla-c < b}7I A Hol=ICt,
|

« UWAL =32 &Sdt= T2 Q) =212 2HESH= MICAL 22| 0|Ct.
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« BA <THIEHOE = MEA
= K| EFO[HCL Zot Miefo| 2l =|MAIS] T2 AME 7ts
o A =}

1= MEtE MfO| FOHTLZM (PL)E HR=E TS +UB
FEEZHR| 2, M MEt= ®ek Hofl Afv Hi=H 2 FHOl 7t

- left-continuous =71 QI8 XM MEl:

.
[}

or

as<sb=a-c<b-c.

l-a=1L1foralla.

26



Forcing relation

MICAL I3 AO forcing relationd] FO{X|= £0] Abgt:

* a|F a » B= groupoid operation= Sdlf Ho|E:

(b|Fa=b-alF B)forallb.

calla&BedEE F AETL A2 a, E ZHEE Q0):
ib,c, st.(asb-c,b |l a, andc || B.)

- o ME MEH a9 O|™ MEE x €] a9 HREE BE E—'—(HC)

o
- oYUM EF a7t )2, 0 |F aE Q0]

UWAL =22, 2t S0t ZRlok= 2|thgt &l max{a} 7t Fo|ElCt.
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alFUiffacsu.

Proof.

alfT->tiff Vbb|FT=b-a|ft
*iff T-a|Ft
iff T-a<i
iff a<T=I. O
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Proof example: U-RUN

alra,iff alfaandaltU

iff alfaandasu (Lemma 3)

= a=a,<a,-u. (U-RUN®)

223 u < u0I22, u F UolR It a |k ay, & U.
= LIHX| ZYE H|&BHL|CE

RDIV] | E< =3 O TMTHEXIT 6Ts| 7|2 42 2L T
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+ MICALS| 2tTd SH2 0|0] O|FO{FCH[Y18,Y19]

2 La2, (i) MICAL 2|2 S MICAL 7R 2 2HI5H,
(ii) MICAL forcingS MICAL ZI2|&EO 2 HEtst= A
- 523t H 20| UWALOIE 7Hs3ICt

= Hi—
> xS 9 ()2 UWAL Z2iat ch4 70 chsh Belsts 2
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Proposition 3.

(i) 2| UWAL I 2| M3 UWAL CH4

(i) 2E UWAL =322 UWAL CHa:
(|||) UWAL H{FHEY ZEHE A6
ME UWAL CH Ao| Fla|gtet

4

alFa iff asvA(a).

(iv) A&, max{a | a |F p}7t vA(p) 2t SsICt.

Proposition 32 ZH3sH= IPH0||A 2 2|0 UWAL Z2|0| ZH=X]|
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Proposition 4.

UFZF UWAL Z2f|lo|1,

2t 32[ (Ax) 0l &Sot= T2l =AU S (Ax),p 2t2 SHAL.

UF E (Ax) iff Z =4 (Ax), 7t SE.
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Proof of Proposition 4.

SHO| oM, Tt AHE S 2HQISHAL
a' :=max{a € UF | a |F a}2t FXt. 22{H,

(i) (a - B) =a" = B OI1,

(i) (a&B)y =a-B.
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. AS
Proof example: A},

u

=35, i FAylp/a,q/B12 M2l 2 p,
(il) UF OllAf A7 7t SRISHCHE, UF E A,
=5, A3 7t MRSt UFOIM, i |FA, e &

ro
o
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LtR-proof

UFOllM A3 7+ M2ISHX| gb=Ctn stab. O3 & Aelf a, b € UF 74 EXfstod,

a -bta

J-
p’,q :=a,bZ Ho|iCt,

otk |k p, &q = p,ACHH, x |F p, & g7t x | p, E =L A.
X :=a,-bE MEBICE

a,-b|p,&qgOIEZ,a, -b|-p,iffa,-bs(p,) =a

Oli= 7FEofl IHEICE. Rt UF KA,

ur
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RtL-proof

HOZ, UFOIIM A} 7t MRSICHI 1AL | |1 A, 212 HO{of sta =,
alka, & B=FH a || a,E OIS0{HLH.
Proposition 32| ZH0| 2[5t04,

alFa,&B iff asvA(a, &pB) = vA(a), - VA(B),

= VA(a), - VA(B) < VA(a),, (AD)
= altay.

[f2tA, Prop 38 2HESH= Z2|4S0| UWAL 22| S ERCt
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(i) UWALS UWAL I Afof| A 2EFISICE,
(i) UWALS 2H| UWAL Z2f|Q Afof| A tEstCt,
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4. Involutive extensions




Involutive extensions of UWALs

UWAL =2| M|A|2F UWAL Za2f|of| 22} CHE e[t =S 7151

S5 Hinvolutive 20| ™| =ICt,
(DNE) =~a — a,

(DNE®) --a < a.

= Proposition 31t 7o Z2 LACZ, +5X =Yk AT
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5. Concluding remarks




+ [Dunn76]0i| =™, R-mingle &2t =2|0i| Ci$t relational semantics7t &2 &
= weak-associativity7} 12 &|= 20|22 T X| %S
- [Y17,Y22, Y24] 0| M= CHE 22 =2|= A=

= O[S0 M= O EY QIESE MAIE = AS = &



Abgh|ct

I.

~O
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