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1. Warming-up & Introduction



U.-style semantics for u-weakly-associative semilinear logics

1) relational semantics 2) substructural logics 3) fuzzy logic



Classical concept of conjunction

& Z2ZE 1, AR T2|2E 00]2f2 SFAL.

v(AAB)=1 ifandonlyif v(A)=1andv(B)=1,
if and only if min{v(A), v(B)} = 1.
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Basic algebraic properties of meet/join

(AANB)AC=ANA(BAC) (assoc.)
AANB=BAA (comm.)
AnA=A (idem.)

AND SO ON



“I' heard a shot and | saw the girl fall.”*

"N ELEIE SUL HXI0L0|17F oKX= AE E/USLICE"

* Hodges, W. (1983), ‘Elementary predicate logic’, in Handbook of philosophical logic, Vol. 1, Springer Netherlands, 1-129.



"l saw the girl fall and | heard a shot.”

"= OfXIotO[7H HOlX|= AE B2 ELEE SUASLICL”



A. Exthand 9| AHE:

and-=0| AOISHE M), X|A|St= &&e| TA| el

1

It

—

(A and B) «» (B and A).

= H|-OF™H and(&)2 =&, 227X =2|substructural logic2| &4

(A& (B&C)&- &D) => P

Intensional conjunction, multiplicative conjunction/tensor, fusion, -




Basic structural rules

ca:(A&(B&C(C)) « (A&B)&()
ce:A&B —> B&A
*itA—> (B - A)

- 0:0-A

ccA-A&A

*p:AKA - A
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t-weakly associative logics(2016-)

+ (A, &B,) &C,) > (A, & (B, & C,)) (WAS,)
+ (A&B)&C), & (A& (B&C)), (AS,)
* (A, & B) &C) © (A, & (B &C)) (sAS,)
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Fuzzy intersection
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Core properties of fuzzy logics

- v(A) € [0, 1].
 sup(x - v(B)) = x - sup v(B). (cont.))
- F(A-> B)Vv (B — A). (PLprelinearity)
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Semantics of a formal system

° EH-)F o||:||§algebraic semantics
= 29| 9| ti+PE2| #l2,

“AT}BlfAsES v SHOfl A EHOICH iff (v(A) = T).

‘ol si=tsh= 2folof, CHaA HAtg Sl == = UC
« ZtA| 2| 0|2 relational semantics
= Z&0o| o|0|= Aol 2fsH H|2El HE AEjo] 2HRA

]

A7t &l sOllA EOITH iff (s |k A).
HEl sof 2 E A7t Fdetrt
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Algebraic semantics of substructural logics: residuated lattice

 XH0{Mresiduation property:
(a-b)<ciffbs(a—c)

Sr=-E0| o|0|= FX0|| CHSd el It (AZF OtL|2H)
« Xt residuum —:
o|0|TE MollM £MBAS FMBtoHs S48 314
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Variants of relational semantics

+ Kripke-style semantics:
Z| 2ol =2(9| o|n|Z, FE el Ato|2] H27tsHet 1 (-, )
K
alF(A-»B)iff(b|FA= b |} B),forallbs.t. aRb.
 Routley-Meyer-style semantics:
Azt =29 on|2, 2Itsd H#AE aetetA Rabc = 2%
« Urquhart-style semantics:

HE Zgh GO £, Afet2AE oA HMeZ BE|(— )

alF(A-B)iff(b|FA= b-a |} B), forallb.
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2. Preliminaries




Syntax of uwa-semilinear logics

- UWALS MICAL 2| =7t K| #|Ct MICALL,
- SYE(),
- AXtREC| ME(A/vel ZU/HH FEZ),
- X 7 (EF, &-C, PP),
-+ ROl 9E(&-Adj, &n),
- o=2 Ar8% X209 dE(Res, T') 2t = #&l(mp, adj,, a, B),
-+ J2|1 PLE |2 =0t
= Y2 (a - B), V(B — a),

Zei7t SRS Lok olgs ZerwHo] o

7= EYEA BIOHX| 47| W=
3

o
-+ &, 8, A VOl 435h= &S t,f, T,10] F2ECt
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Syntax of uwa-semilinear logics

UWAL2 M| 7tx| ofZ2erdat FIHHel 32|55 H=th:
- WA BUL: WAS, U-RUN, RDIVY/
- ABUL: AS, A, U-RUN, RDIV}S
- SA,BUL: sAS, A, U-RUN, RDIV/|
SA,BULZ A BULS, A BUL2 WA BULS BI=0iCt
* Ay, U-RUN, RDIV{j 7t =7tEl O| 7=, 7I1ZH0| t7t OfL|7| =

o7l0ll 24S 328 7161, 7|2 /L= =2/(BUL)
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Axioms U-RUN, RDIV; and A,

HE= 2822 TElX7t v el TE| X 2ot 28 off FojLt=s oy

- U-RUN: UE &858ICZ2 7|5
a, - (a, &U)
* RDIV(: 2% BELCt a2l ZI2|X|7} ACHH,
alla - BE FHH Z2|XIE I HEE HE = US

(U—=a)v(a—->pB)v(B - (a&(a— B))

= G OC7X|LL Ush= 7|EF LSl 2&ST

19



Algebraic semantics of UWALs

Ch4x olnj2 e 7|2 g

= =2|HAQ FHRAE U x| B0 tHSAZICE

P T 1L t f A Vv () & U
VAP) T L i j A v () = - u

20



Algebraic structures for UWALs

Def.3 & Def.4: MICAL-algebra and UWAL-algebra
(i) MICAL-CiZ= (PL®)Z 2tE3SH= bpcrlu-groupoidCt.

= = -
(i) UWAL-CH= A-S3t= X TS PHESH= MICAL-CHCE

- =2 MAM Ha2 E=at
= =X o0|E0M= 0

+ UWAL-TH4- (PLS) CHAl M8 AZ za
> MY 2|50 ZTE SN (MY S

21



Value assignment for UWALSs

Def 5: Value assignment

. Tle[eetsts (sfAM) = 20N UWAL-CHZ29| &S AHAO|CE,

Def 6: Semantic consequence
UWAL- CH== SHO|A],

- DE MO < vAA) Y f, 2& A= EFESICHvalid/tautology.
. 2xb(Zih S Moz ntEE jAo| 1 2AH(EE) 9 ZHolct.

HH)=2 O o
« NS EHO| o= 2 PHEH, a= A2 20|2X 7 Z0|Ct.

22
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3. Urquhart-style semantics




O|FEH o|n|Ee| 7|2 M

- [ o|0| 20| AFSICH= AMM2 o|0] Ss{HCt
= OFYEY 0|2 Holgt m, h4= on|2o| HAS BEGHTE MABICH
= LCHRE 7|2 3XR7F UWAL-CHETt E| =2 Holsirt
- AT YT OREIER] HEFS F B
= O|FEH 0|22 th4X o|EC= el 4 Qleg Heolrt
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UWAL frame

Def.8 & Def. 9: MICAL frame and UWAL frame
(v) MICAL Z3|le Ch2 =S BHESH= (UF, <, L, T,i,j,-)Ck:
« (UF, L, T,<)= bounded linear order,

+ j € UF,
 (UF,-,i)& commutative unital groupoid,
e 1-T= J_’

25



Bl <7t 7|20z SME

Aol B 2%t Hiofo| Z2l =aHiAle] maloR AR Jhs
1842 Mats Rlofo] FOHORM (PL)S BOZ BIS 4 ¢
FIZERI 2, M Alzts Riof Sl a/v Th4ROR Fol 7t

. left-continuous =Z1QZ QIs{ ChtxAM MEl:

urH

r>
ojo

.
[

or

asb=a-c<b-c.

l-a=1foralla.
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Forcing relation

MICAL 3| A9 forcing relationd] FO{X|= £0] Abgt:

 a |l a » BE groupoid operation2 E8l| M=l

=1

(b|Fa= b-a |} B)forallb.

+ a |k a & B BAElE = MEITL 242t o, BS PHIBE OJ0l:

i | oMo

ib,c, st.(asb-c,b |l a, andc |} B.)

- o HE JEf a2| O YEiSE x €l a2 BEE 25 EE(HC)
- S EYAAM EF a7t )2, 0 |F aE Q0]

UWAL 2|2, Zt S2&0ICH ZX|SHs £[chgt Ael max{a} 7t F2|EICt.
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alFUiffacsu.

Proof.

alFT->tiff Vbb|FT=>b-alft
*iff T-alFt
iff Te-a<i
iff a<T=1i. O

28
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= 22[2[ 32, MICALO|A
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Proof example: U-RUN

alray,iff alfaandal-U

iff alfaandasu (Lemma 3)

= a=a,<a,-u. (U-RUN®)

J3Hl u < yO0l22, u | Uoln matM a |k ay, & U.

= LIHX| SE & H|EL|ct

RDIV 2| E< =3 O TMTHEXIT 68| 7|2 42 2L T

30



« MICALS| 2tTd SH2 0|0] O|FO{FCH[Y18,Y19]

FQ A2, (i) MICAL Z2{ 1S MICAL Ci1 R 2 BHI5HT,
(i) MICAL forcingS MICAL T[S O 2 Hetst= 7
- St ™Z0| UWALOIE 7HsStCt

= T A2 27 (i) UWAL Z2f|Jat =7 20)| CHell Zrolsts= 2

A

Sil



Proposition 3.

(i) 2] UWAL 2|2 2tH| M3 UWAL Ci%

(i) B UWAL Z3{|22 UWAL CH
(iii) UWALO{RES RHS A0 g2
M UWAL CHs Ao T2 T

alfa iff asvA(a).
(iv) AHA, max{a | a |} p}7t vA(p) 2t SLSICE
7HE 2Eo (iii)OI MESH=XlE, MICALY SUSH| SHY 2~ ULt

=, Proposition 32 35tz 20| @2 20| UWAL Z2| 0| SH=X|

32



Proposition 4.

UFZF UWAL Z2f| o]0

2t S2[ (Ax) 0l &Sdt= T2l =AU S (Ax),p 2t2 SHAL.

UF E (Ax) iff Z =4 (Ax), 7t SE.
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Proof of Proposition 4.

SHO| oM, Tt AHE S 2QISHAL
a’ :=max{a € UF | a |F a}2t FXt. 22{H,

(i) (a - B) =a" = B O[T,

(i) (a&B)y =a-B.
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. AS
Proof example: A},

Hu3(=) 2 HIeE

=5, i kA p/a,q/B]e A&l 2 p
(if) UF OllM A} 7F MRISICHH, UF E A,

(i) UF OllM A5 7F MZISEX| QE=CHH, UF A
q

=X, Ay 7H SRIsHE UFOIIM, i |- A, S =lct.

g3



LtR-proof

UFOllM A3 7+ M2ISHX| gb=Ctn stab. O3 & MElf a, b € UF 7+ EXjstod,

a -bta

u u*

p’,q :=a,bZ Ho|iCt,

i | py &q = py HCI, X |k py & g7t x |} p, B B A,
X :=a, - bE MEBICE

a,-b|kp,&qgOIEZ,a,-b|Fp,iffa,-bs(p,) =a

0= 7H&0| SIBHEITE. ChEbM UF A,

ur
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RtL-proof

HOZ, UFOIM A7 7t MRIBICHI SEXL. f || A, RS 20ojof sta 2,
alra, & B=FEH a || a,E OIS0{HLH.
Proposition 32| ZE0]| 2|s}0q,
alFa,&B iff asvA(a, &pB) = vA(a), - VA(B),
= VA(a), - VA(B) < VA(),, (A7)

= altay.

[}2tA, Prop 32 BHESH= TS0 UWAL IS HYCt

37



(i) UWALS UWAL Z2|Ql A0flA| SERSILY,
(i) UWAL2 2H| UWAL Z2{|Q) Alofl A 2FFBICL,

38



4. Involutive extensions




Involutive extensions of UWALs

UWAL =2| M|A2F UWAL Z2f|of| 22 CH2 Se|et 2AHS =715

E=SH™involutive ZHEH0| MO EICT
(DNE) =~a — a,

(DNE®) --a < a.

= Proposition 30} 72| Z2 WAloZ =5& =FE XSt
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5. Concluding remarks




+ [Dunn76]0i| =™, R-mingle &2t =2|0i| Ci$t relational semantics7t &2l &
= weak-associativity7t T2{&[= Q0|22 12X %S

- [Y17,Y22, Y24] 0| M= CHE 22 =2|= MA|E
= O[S0 CHSHM = O EH 0|2 MAZ = U

fio
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