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1. Warming-up & Introduction



U.-style semantics for u-weakly-associative semilinear logics

1) relational semantics 2) substructural logics 3) fuzzy logic



Classical concept of conjunction

H ZElRE 1, AR TS 00|2f2 oAt

V(AAB)=1 ifandonlyif v(A)=1andv(B)=1,
if and only if min{v(A), v(B)} = 1.
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Basic algebraic properties of meet/join

(AAB)AC=ANA(BAC) (assoc.)
AANB=BAA (comm.)
ANA=A (idem.)

AND SO ON



“I heard a shot and | saw the girl fall."*

"Me ELE|E SUL OX010|7F BoX| = AE E/SLICE”

* Hodges, W. (1983), ‘Elementary predicate logic’, in Handbook of philosophical logic, Vol. 1, Springer Netherlands, 1-129.



“I saw the girl fall and | heard a shot.”

"X GXoo7H 2Kl AS BT EAEIE SUSLICE”



A. E=ttand 9| ALE:

and-20| BIOFS 0! ol X|A|SHs Atsto| FMA|| AMEN

mufn

HA It
(A and B) « (B and A).

= H|-IH™H and(&)2 =&, 27X =2|substructural logic2| &%

(A& (B&C)& - &D) = P

Intensional conjunction, multiplicative conjunction/tensor, fusion, -




Basic structural rules

ca:(A&(B&C(C)) « (A&B)&()
e A&B - B&A
ci:A-> (B - A)

c0:0-> A

cCA->AKA

cp:AKA - A
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t-weakly associative logics(2016-)

+ (A &B) &C,) & (A, & (B, &C,)) (WAS,)
- (A&B)&C), « (A& (B&C)), (AS,)
+ (A, &B) &C) & (A, & (B & C)) (SAS,)
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Fuzzy intersection
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Core properties of fuzzy logics

- v(A) € [0, 1].
« sup(x - v(B)) = x - sup v(B). (cont.))
- F(A-> B)Vv (B — A). (PLprelinearity)
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Semantics of a formal system

. CH= o||:||§algebraic semantics
= =&9| o|0|= R0 A,

A7} sliABla v SOl A EHOICH iff (v(A) = T).

Ao siEsk= Qolo|, CHeX HMS Sl E2E 4 U
« 27| 2|0| 2 relational semantics

= 29| o|0|= Ao ofgh MefEl HE dEfe| R4,

)

ATt ME sOllA FOICH iff (s || A).

HEll so| HEHE AZF it
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Algebraic semantics of substructural logics: residuated lattice

« Zt0{dresiduation property:
(a-b)<ciffbs(a— c)

=&2| 2|0 7| thotof FELt. (a7f OfL[EH)
o

r=  pot

residuum —:

0|7Z= JolM =MBAE Fdetcts S S

1o
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Variants of relational semantics

- Kripke-style semantics:

E2tFol =c|o on|Z, HE HEf Ao|e] HZ27tsdRt e (-, )
K
alF(A-B)iff(b|FA= b |FB),forallbst. aRb.

 Routley-Meyer-style semantics:
gt =2[2| 20|, M27tsH HAE &e2tA Rabc = =&

+ Urquhart-style semantics:
HE Zgh it =g, alel2tA IS ol atAet HiteZ RE|(— )

alF(A-B)iff(b|FA= b-a |} B), forallb.
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2. Preliminaries




Syntax of uwa-semilinear logics

+ UWALZ MICAL 2| 22 &| At MICAL2
- SUE(SI),
o AXREO ME(AJvOl EU/HH FEIR),
- X TE(EF, &-C, PP),
. EXO| ME(&-Adj, &n),
- BEZ AEE £29| M (Res, Tt £2 #&l(mp, adj,, a, ),
.- 2|1 PLE 22| 2 Z=LC}
= HH2 (a - B), V(B - a),

SE7H FEBH| L= 0|fR= 2R

— =
- & B, A VO ASo=ESR T

17



Syntax of uwa-semilinear logics

UWAL2 Al 7HX| efZetdat =I5l 32|58 2=ttt

- WA,BUL: WAS;, U-RUN, RDIV"
- A BUL: AS A, U-RUN, RDIV"

- SA,BUL: SAS , A, U-RUN, RDIV"

SA,BUL2 A BULS, A BUL2 WA BULS BI=0iCt
* Ay, U-RUN, RDIVf 7} Z=7HEl Ol 7=, 7IEHO| t7} OtL[7| 2

o7[0ll 2&4S SeIE +=7t0t, 7|2 /Ll =2/(BUL)
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Axioms U-RUN, RDIV; and A,

UE= 2822 TElX7t v el TE| X 2ot 28 off FojLt=s oy

- U-RUN: U= ZSHCE J|s
a, - (a, &U)

« RDIV(: 2% BELCt a 2| TI2|X|7t 3CHH,

N —o
ol

adlla » BE FHMN TIE|KIE 7t E=F A2 =+ US

(U=a)v(a—->pB)v(B - (a&(a— B))

FHOM HH=EC2 22| 7ts

T =

Xt
S

Hn
ujo

- Ay

(a, &B) = a,

= G OC|7HX|LL UstE 7|&EF Lol 2&ST



Algebraic semantics of UWALs

CH4 ojn|20] 7| wrat:

= =2|HA|e| 8R4 E i+ =9|

[0

20| CHSAIZIC

P T L tfaAvVv 5() o & U
VAP) T L i j A v () = - u

20



Algebraic structures for UWALs

Def.3 & Def.4: MICAL-algebra and UWAL-algebra
(i) MICAL-CHZ= (PLS)E 2t&38H= bpcrlu-groupoidCt.

(iii) UWAL-TH4-= &S ots T4 X742 5o MICAL-CHA-CE.

. =3 HAA AL =X =
= CfAX o|[||§01|k||_ 0|& HAtDF =M Z2HAH |2 "I

« UWAL-CH3E (PLS) C
= &MY =2|52 3

21



Value assignment for UWALSs

Def 5: Value assignment

- Zle|gEets (oid) = 2N UWAL-Cis22] ZSJAHMOICE

Def 6: Semantic consequence
UWAL- CH== St A,

- DESHAMOICH < vA(A) R M, 2% A= EFSIClvalid/tautology.
. B(EE)S Ho= BICE sjA0| 1 2R DY

o
a= A2 20|EX #{&0|Ct

22
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3. Urquhart-style semantics




O EH oln|Ee| 7|2 M

+ T4 o|nj 20| SHHBICHS AFAIS of] BiFCH
= OJHEY oj0|22 Holetuf, ti+x 20|29 4ES HESEE
M7stct
= Cl2E 7|2 2EIF UWAL-THAT} E|E2 Folsitt
. SHME OFRER| Mk 3t
= OjFEY oln|2S Cf4X ojn|Z0E Bt 4 S S HolC}
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UWAL frame

Def.8 & Def. 9: MICAL frame and UWAL frame
(v) MICAL B3|l Ch2 =S BHESH= (UF, <, L, T,0,j,-)Ck:
« (UF, L, T,<)= bounded linear order,

« j € UF,

* (UF,-,i)& commutative unital groupoid,

cl-T=1,

* sup,, a;7t ACHH, a-sup,, a; p..(a-a),
O|ElCt.

=su
el
- a= b:=sup{cla-c<b}7t AN H
ol =
=

« UWAL Z2{|2 &435t= =3

za|io|ct.

oo
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HA| <71 7|2 H Q2 = M 2HA|
AT 20t Hot Miefo| A2l =2[HA|e] ZY2 ME It
1 & MEt= M0 FOHECEM (PL)E EHRE S = U
FEEZER| 2, & MEk= Hef Hofl A/v Xz FHO|

- left-continuous ZZ1QZ QIsH =M MEl:

urH

rx
dlo

.
]

ofr

asb=a-c<b-c.

l-a=1L1foralla.
(Lemma 1 &=X)
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Forcing relation

MICAL =3 AH9| forcing relation0fl FO{X|= E0| AlEt:
- a |k a - BE groupoid operation2 Edf| M| E!:

[== Y

(b|Fa=b-al|FB)forallb.

- a |} a &BLE BAEE AT 242t o, B2 ZHEE 90):

ib,c, st.(asb-c,b |l a, andc |F B.)

« o1 HE AEf a9 O|F MEHE x €] a2 HEE BF EZE(HC)
sto

UWAL Z2{|&l2, 2t E0ICt ZA[St= 2|t el max{a} 7t Ee|EICt.
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4 712l o thiol| d&sh= &S 2RIC:

alFUiffac<u.

Proof.

alfT->tiff Vbb|fT=>b-alft
*iff T-alFt
iff T-a<i
iff asT= 1. O

28
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Proof example: U-RUN

alra,iff alfaandaltU
iff alFaandac<u (Lemma 3)
= a=a,<a,-u. (U-RUN®)
2N u < w022, u | Uoln W2t a |- ay & U.
= LHHX| S HI2$HLICh

RDIV] 2| 32 &3 O MCHEX|T o3| 7|= 22 ZELIch

30



MICAL®| 2154 ZH2 o|n| 0|Z0{HCHY18,Y19]

ZQ A2 (i) MICAL 2|l S MICAL CHaLE2 2hstn,
i) MICAL forcingS MICAL ZI2|&E o2 HESH= 7

(i
SYs H20| UWALOIIE 7Hsstct

oF XA 2 QX! (i) UWAL Tt CH 0| CHl =felst=

A
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Proposition 3

(i) 2HH] UWAL T2 Ql2 | A3 UWAL Ch=:
(i) ZE UWAL Z2j|2e
(iii) UWALHHEY 2HSE =

M3 UWAL CH4: Atel la|stet

alka iff asvA(a).

(iv) AH& max{a | a |} p}7t vA(p) 2t S SICY.
7HE EFof (iii)ol d&

Zl5H=X|=, MICALZ SY5HH 5H
OFX|2} kA=, Proposition 32 ZE6H= 2HH0f|A @2 0]
UWAL Z2j|0| t=X| 2l5H= A &

ok

4 Qlct

32



Proposition 4.

UF7F UWAL Z2{|lo| 1,
2t 32| (Ax) 0l 4S3t= T2 ZAHS (Ax), 2t St
J2{H CHS0| MEstot

[ J=

UF E (Ax) iff Z2d =4 (Ax), 7t d&.
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Proof of Proposition 4.

SO 2N, CHS AR S =RISHAL.
a’ :=max{a € UF | a | a}2t FXI. 22{H,

(i) (@ > B) =a = B0l

(i) (a&B) =a -B.
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Proof example: A?

(i) UF OllM A 7t SRISICHH, UF E A,

o

==, A3 7t HEst= UFOIIM, i | A, S =QICt

35



LtR-proof

UFOIlM A 7t MRISHX| g=Ct SkAf. 8 & MEf a,b € UF 7}
EHs0d,

a,-bta,.
p’,q :=a,bE Ho|siCt,
Btk |k p, & q - p, HCHH, x |k p, & g7t x |k p, S B A
X :=a, - b5 MEBICE

a,-bl|-p,&qgOIEZ,a,-b|Fp,iffa,-bs(p,) =a
0= 7rgoll RIUHEICE. W2tM UF FA,.

ur

36



RtL-proof

OF, UFOIlM A} 7t MRIBICID SIAL i || A, RIS HO{0FSIEZ,
alra, &B=FEa | a,E O|Z0{HCL
Proposition 32| 3H0{| 2|5tH,
alra,&B iff asvA(a, &PB) = vA(a), - VA(B),
= VA(a), - VA(B) < vA(a),, (A7)

= alta.

[2tA, Prop 32 TH&ESH= 2| S0] UWAL TS 2RI
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() UWALS UWAL = Atoj| A RERSICE,
(i) UWALS 2H| UWAL Z2{|Q Afof| A tEsCt,

38



4. Involutive extensions




Involutive extensions of UWALs

UWAL =2| H|AH2F UWAL Zaj|of| 2t2t CHS 32|F =S FII6HH,

S5 involutive ZHEH0| M| =ICE,
(DNE) =-a - aq,

(DNE®) =-a < a.

= Proposition 31t Ao Z2 LAOZ +&H F L TSI
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5. Concluding remarks




+ [Dunn76]0f| (t=H, R-mingle A

semantics?t Ho| =l

= weak-associativity 7t T12{%]|

* [Y17, Y22, Y24]0ll M= CH2 oF
= O|S0| CHeHA = {HES 2[0]

FA
=
=2
—_

SF
St

=
2K
=

o3 =

A2k =2|0f| CHSt relational

= QU|E2 IHEX] &S

L0
=2|= HAIE
|A|'6‘I-
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